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Abstract 

Based on the intanton approximation of Skyrmion and recent progresses on the holographic 
approach, we study baryon properties using Skyrmions generated from holographic instantons. 
First we employ Atiyah and Manton's early observation to show that the instanton approximation 
gives the correct infrared behavior for the Skyrmion solution, and thus those of the electromagnetic 
form factors of the nucleon. We then use Skyrmions generated from flat-space instanton solutions 
to study various baryon properties, treating the instanton size as an arbitrary variable. It is found 
that, a large instanton size is required to reproduce the physical axial coupling. From such an 
instanton configuration, the predictions for other baryon quantities in the Skyrme model improve 
the original results quite a lot. Some of the results reproduce those by quantizing the full instanton 
solution, while no fine-tuning of the mesonic parameters are needed. From these we conclude that 
the baryons in the low energy region can be effectively described by large instantons. 
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I. INTRODUCTION 



The idea of baryon as a soliton of non-linear interacting mesons, now known as Skyrmion, 
was realized by Skyrme long ago [l-3]. It didn't attract much attention until Witten showed 
that baryons are indeed soliton-like objects in the large- N c limit J4]. However, the phe- 
nomenological success of the Skyrme model and its various extensions is not quite satisfac- 
tory (for reviews, see, e.g. 5|-|8|). For example, in order to obtain the experimental values of 
the nucleon and A masses, one has to choose an unreasonably small value for the pion d ecay 
constant (9), [loj]. 1 An interesting observation was made later by Atiyah and Manton 12]. 
who showed that the holonomy of an instanton along the Euclidean time gave an accurate 
approximation to the Skyrmion solution, with the total energy differs by only 1%. 

This kind of approach has recently revived due to the advocation of the AdS / CFT cor- 



respondence 



13 



15] . In its original form [13|, this correspondence conjectures that the type 
IIB string theory on AdSsxS 5 is dual to the N= 4 Super Yang-Mills (YM) theory on the 
boundary Minkowski spacetime. Though not proven rigorously, this conjecture has been 
checked to be valid in many aspects. This encourages people to find a dual string theory 
for the realistic QCD in the same spirit. A great success was made by Karch and Katz who 
suggested that dynamical fundamental fields could be introduced by adding flavor branes 



to the color background 16] . Spontaneous chiral symmetry breaking can then be made 
manifest as the joining of the flavor branes with their anti-partners in the deep bulk fl7 ]. 
The corresponding Goldstone states are explicitly given by the holonomy of holographic 
component of the gauge field on the brane, along the holographic direction 18) . The Klein- 
Kaluza states of the other components give rise to a tower of vector/axial mesons, while 
scalar mesons appear from the fluctuations of the branes in the transverse directions flo| . 
Thus the meson dynamics can be systematically described by the effective action of the 
flavor branes in the curved color background. Interestingly, the Skyrme model naturally 
arises when one truncates the whole action to the pion modes only, with the coefficients 
determined by the 5D metric Hfl. On the other side, the Wess-Zumino-Witten (WZW) 
term and the anomalous couplings of the mesons originate from the Chern-Simons (CS) 



part of the brane action 15|, [17|, [20]. 



1 Although the nucleon mass decreases due to the quantum fluctuations of the pion fields, it is still too 
large when the pion decay constant takes its empirical value, [ljj . 
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Baryons appear in this holographic duality as branes wrap pin g over some internal spaces, 
and become instantons when dissolving into the flavor brane [2l|. With the previous identi- 
fication of the pion states, the relation between the Skyrmion and the instanton holonomy is 
then explicitly established, and the instanton number becomes exactly the winding number 
of the Skyrmion irrespective of the background metric [181 ] . Thus one could in principle 
study baryon properties by studying the instanton configuration on the curve space. The 
instanton solutions of the flat space YM action have been studied extensively in the litera- 
ture 



22 



251 ] . In this case the topological energy bound is saturated by the (anti-)self-dual 



instanton solution with an arbitrary size. When a non-zero curvature of the space is turned 
on, the bound can only be attained by the flat instanton solution with an infinitesimal 



size 



26|-|28|. Recently this fact was utilized by Sutcliffe to establish a BPS Skyrme model 



for the nuclei 



29]. However, this leads to a rather small value for the classical Skyrmion en- 



ergy, and an unreasonably large spin contribution due to the small instanton size. From the 
4D point of view, this means that inclusion of an infinite tower of vector mesons will push the 
instanton to zero size. It was shown that including a single vector meson already decrease 
the ,n 8 ta„ton s 1Z e by about 30% U Correspondingly, the c.ass.ca. tota. energy and energy 
radius get reduced by about 10% [31] . Fortunately, the appearance of the CS term naturally 
provides a repulsive force which prevents the instanton from collapsing j^. It is analogous 
to the 4D Skyrme model with the 00 field included through the WZW term (32 34 1 . The 
classical configuration of the instanton is then determined by minimizing the sum of the 

n 

YM and the CS energy. In a specific string theory construction [121], the YM action was 
considered to be proportional to the 't Hooft coupling A, and the CS term only perturbates 
the instanton to a small size of order 1/VX [26j, |27j. In this case the quantum contribution 
would be so large that one has to fine-tune the parameter to fit the nucleon mass (27 1. see 
also ref. [30] . Though the classical instanton size seems to be suppressed, it attains large 



quantum corrections when treated as a collective coordinate [35|, |36j. This in turn induce 
large corrections to the axial coupling andpushes it close to the observed result, realizing 
in some sense the large N c argument in 10j and in 26]. Furthermore, phenomenological 
analysis in general backgrounds seems to favor an instanton configuration of a large size, 
and ensures the calculability of the approach {37]. 

In general, it is quite difficult to find the analytic instanton solution in the full YM-CS 
theory in a curved spacetime. Based on the 't Hooft coupling expansion, an approximate 
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instanton solution was constructed by combining the flat-space solution in the infrared and 



the linearized solution in the ultraviolet 



that the 



However, it was pointed out in ref. 
holographic currents evaluated on this solution fails to reproduce the correct infrared behav- 
ior of the electromagnetic baryon form factors, see also ref. ^9]. People also attempted to 
lift the Noether currents in the Skyrme model to the 5D theory, but met with problems 35 ]. 
One then has to employ numerical techniques to obtain the exact solution [37]] . There are 
also some approximate approaches on this subject, either by expressing the soliton through 
an effective Fermion field |26|, o r by truncating the full theory to the original Skyrme model 



or its generalized version 



311 ] . In this paper we will try to go a little further in the soliton 



description of baryons, combining some of these achievements. We will first show that the 
infrared properties of baryons are correctly reproduced in the instanton description, extend- 
ing Atiyah and Manton's early observation. In doing so we immediately find that the axial 
coupling qa is proportional to square of the instanton size. Considering the large quantum 
corrections to the instanton size in the holographic approach, we are then led to study the 
Skyrmion generated from a large instanton. As a first approximation, we choose to use 
the flat-space instanton solution and truncate it to the pion sector. Replacing the original 
numerical solution for the Skyrmion by the instanton-generated one, we recalculated various 
static properties of the nucleons and Deltas. Quite unexpected, with the instanton size as 
the only parameter we obtain a very good description of most of the quantities. For some 
observables a better agreement with experimental data is achieved than those by quantizing 
the full instanton solution. 

The outline of the paper is as follows. In the next section we briefly show the holographic 
description of the meson sector, focusing on the framework implementing nonlinear realiza- 
tion of chiral symmetry. In Sec III we review Atiyah and Manton's observations, and show 
how these can be explicitly established in the holographic approach. In Sec. IV we show the 
properties of the Skyrmion generated from a large instanton. Finally we summarize and 
outlook for possible extensions. 
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II. HOLOGRAPHIC FORMALISM WITH NONLINEAR CHIRAL SYMMETRY 
REALIZATION 



The holographic formalism that implement nonlinear chiral symmetry realization in a 

h ~ 



holographic way was pioneered in 



181 ] , and developed later in [l7|, |20| and (40| . One way to 



realize the chiral symmetry breaking is through the boundary conditions in the infrared 
From the top-down construction in 



17 



40]. 



201 ] . one can further attribute this to the coupling 



between the flavor branes and the anti-branes in the deep infrared region, 
we consider the 5D YM action 



Following 



S = "Tr / dz*x (-f*(z)F% + 



2 



(1) 



where f(z) and g(z) are determined by the metric and the dilaton field. Without loss of 
generality, the two boundaries of z can be taken to be — oo and oo. They should be considered 
as the same AD spacetime, but separated from each other in some extra dimension as in 
To be more specific, we use the "cosh" background given by 



ds 2 = —dz 2 + A 2 cosh 2 Kzrj^dx^dx 



(2) 



as an example, which can be thought of as two pieces of cut-off anti-de Sitter spacetime 
smoothly connected in the infrared. The functions in this background, after a scaling of z 
from [181 ]. are given by 



9 2 {z) 



all 'A ■ 



f{z) = Acosh^Az)/^ 2 . 



(3) 
(4) 



To obtain a finite 4D action for the physical modes, the field strength has to vanish at the 
two boundaries. One can then choose a gauge configuration in which the gauge potential 
also vanishes asymptotically. The residual gauge transformation z) should approach 
constant boundary values, lim 2 _ s .± 00 g(x IJ ', z) = g±, which are then interpreted as elements of 
the chiral symmetry group U(Nf)n and U(Nf)i J respectively. The axial gauge A z = can 
be obtained by applying the gauge transformation with the gauge function given by 



= Pexp{i I dz'A z (x^,z') 



(5) 
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where P denotes path ordering. Then, the boundary conditions for the gauge potential 
becomes 



A^x?, z) -> i^ix^d^ix") . (at z -> ±00 



(6) 



with £±(2^) = £(x M , ±00). Setting A z = in the action, the equation of motion for A^ can 
be derived to be 

d z [cosh 2 (Az) d z A»(q, z)] = -q 2 A»{q, z) (7) 

in the 4D momentum space. The normalizable (with vanishing boundary value) solutions 
are given by 



ip n (z) oc 



P*(tanhAz) 



cosh Az 

where P„ are the associated Legendre functions. The corresponding eigenvalues are 



q 



n(n + 1)A 2 



n = 1, 2,... 



(8) 



(9) 



In accordance with the identification of the chiral symmetry transformation, one can choose 
(x l , z) — > (—x l , —z) as the 4D parity transformation. Then the above solutions have definite 
parities, and one can see that the odd n states correspond to the vector mesons and even 
n to axial mesons 18| . In addition to these, there are also two non- normalizable solutions 



at q 2 = 0, namely 1 and tanh(Az) = ipo(z), that also give rise to physical configurations. 
Summing all these up, the gauge potential with the above boundary conditions can be 
decomposed as jl7|, [20 ] 

^(x^, 2 ) = ^(x^a.e;^' 1 )^!^ + «e-(^)^: 1 (x")^(2) + ^ ^^^^(z) , (10) 

n>l 

where 

i> ± (z) = ±(l±Mz)) ■ (11) 
From this one then obtains the effective action of the pion and all the vector/axial mesons, 

the vector fields and focus on the pion freedom only. 



as shown in [l^]. Hero wo omit al 
The pion field can be defined as [18] 

e 2fer(*")//„ = jj^jx 



£_£r/ = Pexp jz J dz'A z {x",z')^ 



(12) 



which transforms as U(x fJj ) — > g + U(x fJ, )g_ 1 as expected. By using the residue gauge symme- 
try one can further choose £_(x M ) = 1, then we have |l7J 



A^x^z) = iU~\x^)d^U{x^ + (z) 



(13) 





U (GeV) 


e 


L^(10- 3 ) 


Z/ 2 (10" 3 ) 


L^(10- 3 ) 


m ai (GeV) 


"cosh" 
Empirical 


0.087 
0.0922 


7.70 


0.53 
0.43 ±0.12 


1.1 

0.73 ±0.12 


-3.2 
-2.35 ±0.37 


1.335 
1.23 ±0.04 



TABLE I: Predictions of the "cosh" model for the mesonic observables, in comparison with the 
empirical values given in the last row. The pion decay constant and a\ mass are from Ref. 
and the values of L"s at the scale \i = m p are taken from Ref. 421 ] . 



Substituting this into the action we arrive at the Skyrme model [l| 

s = j d\ (-£xx (u~%u) 2 + [u-'d^u-^u]'- 

with the parameters given by 

fl = 4 / dzf(z)dlMz) 

dzg-\z){l - ^{z)f 



2A2 

2 ' 



4 



3^r 



(14) 

(15) 
(16) 



where the first equation was already given in Ref. [18(. One can further show that the WZW 
term of the pion and the various anomalous couplings of the mesons can be derived from 
the CS term on the 5D side 171 ]. 

Now let us show the phenomenological predictions in this model. There are only two 
unknown parameters, A and g§. From the experimental p-meson mass one can fix A as A = 
0.55 GeV. Matching the asymptotical behavior of the vector correlator to QCD calculation 
one obtains 

' X (17) 
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24vr 2 ' 



With these values the predictions for some other quantities, including the low-energy con- 
stants L\, L r 2 and in 0(p 4 ) chiral perturbation theory (CHPT) and the mass of the axial 
meson a\, are displayed in TabUl The accuracy is typical in this kind of forma 



ism, since 



the dependence of the results on the backgrounds is very weak as shown in 43|. In fact, 
since the quark mass terms are not included here, it is more appropriate to compare the 
result of /„. with that in the chiral limit, which is 87 MeV derived from 0(p 4 ) CHPT [441 ] . 
The values of L"[ 23 taken from Ref. 42| were obtained from a 0(p e ) fit, and their 0(p A ) 
values are 0.38 x 10~ 3 , 1.59 x 10 -3 and —2.91 x 10~ 3 , respectively. The L['s, absorbing the 
one-loop divergences in CHPT, are scale-dependent. As usually done in the resonance sat- 



uration model of the low-energy constants 



451 ] . here we assume the predicted values should 



be compared with those at /z = m p since A is fixed through the p-meson mass. Notice that 
as shown in Ref. j^j, L\ also contains a small contribution from the scalar meson exchange, 
Lg S = 0.6 x 10 -3 , which is not included in our approach. We will use the values of f n and e 
obtained here in the following sections rather than the experimental values for consistency. 



III. FROM SKYRMIONS TO HOLOGRAPHIC INSTANTONS 



With great intuition, in the 1960s Skyrme proposed to use the nonlinear action f ll4p 
to describe baryons, treating them as collective excitations of the Goldstone bosons. The 
topological number of the meson configuration is identified with baryon number, and he 



conjectured that the fluctuations shou 



confirmed by later investigations 



46 



d be quantized as fermions. All these have been 



48]. 



Now let us take a careful look at some dynamical properties of the model. For the static 
configuration, the energy functional is given by 



Ed = - J d 3 x (|tr[L 2 ] + J-^tr [L t , L s ) 



(18) 



where the left currents L A 
bound from below as 



U 1 d fl U have been used. This functional was found to be 



£ci>67r 2 /.|£?|/e, 
where B is the topological charge related to the baryon current 



IS 



fj.ua/3 



247T 2 



-tr[L v L a Lp). 



(19) 



(20) 



Due to the metrical difference of the space and the group manifold 49J, the bound can 
not be saturated using the (anti) self-dual solutions. One then has to solve the equation of 
motion directly, which reads 

1 



^[L V1 [L^L V \\ = U. 



(21) 



H 4e2/ 2' 

Due to the highly non-linearity of this equation, Skyrme suggested to focus on the so-called 
hedgehog configuration 



U(x) = exp(ir ■ rF(r)) = cosF(r) + if ■ r sinF(r). 



(22) 
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Then the equation of motion simplifies into a radial equation of F(r) 



2, sin2F 
F +-F — 



e 2 / 2 



sin2Fsin 2 F F' sin2F 2F" sin 2 F 



0. 



(23) 



In the B = 1 sector, combining the above equation and the topological constraint one usually 
choose the following asymptotic behavior for the chiral angle F(r): 



F(r) — )- 7T — ar, r — > 0, 



F(r) — > f3/r 2 , r — > oo. 



(24) 



The numerical calculations were first undertaken by Skyrme himself and further developed 



by many others, see e.g. Refs. |9|, [h], |50|]. The minimum energy is about E c \ = 72.9 f n /e, 
23% above the topological bound. It worths pointing out that a fine-tuned solution with 
the above asymptotic behavior gives a quite close result 49]. 



Skyrme's work did not receive much attention until it was realized that in the 1/N C 
expansion baryon should really be interpreted as solitons in the meson theory [4J. While 
unable to sum up the planar amplitudes, the Skyrme model is the natural action to start 
with. The quantization of the model was systematically developed using the method of 
collective coordinates or moduli quantization, and various properties of the ground state 
baryons were investigated [9j. To do this, one considers the rigid rotation U = A^UqA- 1 ^) 
of the classical hedgehog solution Uq = exp(ir -rF(r)), and treats A as collective coordinates. 
Parameterizing A as A = + ia ■ f with a 2 , + a 2 = 1, the Lagrangian then becomes 

3 

L = -E cl + 2I J2(a l ) 2 , (25) 

with Iq a constant determined by F(r). Choosing the suitable quantization framework, one 
obtains a series of Fermion states of quantum numbers I = J, with / and J being isospin 
and spin respectively. The states with I = J = 1/2 and / = J = 3/2 are then identified 
with the nucleons and Deltas, with masses 



M N = E cl + ~, M A 

Zl 4 



1 15 

Ecl + 2T n T- 



(26) 



The Noether currents of the model, expressed in terms of the chiral angle and the collective 



coordinates, follows 



B = b(r) , Bi = b^EijkQjXk, 



V a = -v(r)D a ^ ,V? 



v(r) 



A* 



[ai(r)5 ik + a 2 {r)xiX k ] D 



ak 



(27) 



where Q 



-itriA^Ait)?}, D ab (A) = ti[T a Ar b A^ 1 ]/2, and 

1 sin 2 F , 



b{r) 
v{r) 

ai(r) 

a 2 (r) 



2ir 2 r 2 



sin 2 F 



sin 2F 



2r 

-aAr) + F 



,2 sin F 

F 



,2 sin F 



fl + 



2 sin 2 F 



(28) 



Sandwiching these between the baryon states, one can study various properties of them. For 
example, the axial coupling can be obtained by direct evaluating the expectation value of 
the integral J d 3 xA^(x) on the nucleon state. Alternatively, one can transform this into a 
surface integral at infinity using the conservation equation, then the axial coupling is directly 
related to the asymptotic behavior of F(r) — )■ f3/r 2 when r — > oo as jf| 



9A 



(29) 



By comparing this behavior with that of the pion in the old fashioned pion-nucleon La- 
grangian one can further deduce the Goldberger-Treiman relation. Unfortunately, the phe- 
nomenological results are not quite good. Generally, the parameters fitted from the baryonic 
sector are inconsistent with those in the mesonic sector and the experimental values, and 
the prediction of Qa is normally small. 

The relation between the Skyrmion configuration in R 3 and the instanton solution in M 4 
was first found by Atiyah and Manton in 1989 12J. They identified the holonomy of an 
instanton along the time direction as a Skyrmion configuration, 



U (x) = Texp 



A t (x, t)dt 



(30) 



where T denotes time ordering. Employing the 't Hooft instanton construction 
gives 

F(r) = 7r[l-(l+p 2 /r 2 )- 1 / 2 ]. 



23|, this 
(31) 
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The minimum energy from this profile occurs at p 2 = 2.11/ (e 2 f 2 ), and is only 1% above 
the numerical value. Notice also that this function has the right asymptotic behavior as 
required. 

However, the dynamical reason for the relation (13"Uj) was then not clear. Only after 
the discovery of the AdS/CFT correspondence and the development of the framework of 



holographic QCD, this relation was explicitly established [171 . Il8| . Based on the large— N 
expansion and the AdS/CFT correspondence, Witten proposed that baryons should by 
described as branes wrapping on some internal manifolds. Effectively, these branes can be 
viewed as flavor instantons from the 4D spacetime point of view. From the discussion in the 
previous section, this instanton becomes a Skyrmion when we truncate it to the Goldstone 
sector. Also the holonomy should be taken in the holographic direction, rather than the 
time coordinate. Explicitly, the Skyrmion profile can be obtained as Eq.f lT2|) 

U(x) = Pexpji J dz' A z (x,z')\ . (32) 

A direct check of this relation is give n by the equality of the Skyrmion winding number and 



the instanton number, shown in 



18|- 



IV. SKYRMION PROPERTIES FROM HOLOGRAPHIC INSTANTON 

In this section we will attempt to improve the Skyrme model from the holographic ap- 
proach. Recently, using large N c chiral perturbation theory, Cherman et al. found a model- 
independent relation concerning the large distance behavior of the baryon form factors in 
the large N c and chiral limit [38]. These relations are shown to be valid in the Skyrme 
model. So first we will show explicitly that these relations are valid in the holographic ap- 
proach. There are two ways to obtain the infrared limit of baryon form factors in the full 
theory. One may first study them by using the full intanton solution as in 



and 13 



and then take the IR limit LJ8L 



. Alternatively, one can just start from the flat-space 



instanton solution, and truncate it to the Goldstone sector to get an approximate Skyrmion 
solution. The IR properties of those form factors can then be obtained in the same way as 
in the Skyrme model js]. These two approaches should give the same IR results. In the 
previous section we have shown that the holographic action reduces to the Skyrme model 
when truncated to the massless sector, thus the current structure at large distance should 
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always be described as in ( l2Tj) . To ensure the form factor relations in [38| . we only need 
to show that the Skyrmion configuration generated from the flat-space instanton has the 
correct IR behavior. As shown in the previous section, this has been found to be true long 
ago by Atiyah and Manton. So in general the form factor relations in [38j] will be valid in 
the instanton description. One may ask why the currents derived in ref. [36| fail to produce 



these relations. It was pointed out in [38| that this may be due to the strongly suppression of 



the pion loop contributions in the 't Hooft coupling expansion. Indeed, since the pion loops 

die nucleon is determined by the vector 

351 ] that the 



It was also shown in 



are discarded, the isovector mean square radius of 
fluctuations and remains finite in the chiral limit 
holographic currents constructed using the 't Hooft expansion do not recover those in the 
Skyrme model in the infrared. Alternatively, one may attempt to lift the Skyrmion currents 
fT2"T|) to the five-dimension theory in the same spirit as for the baryonic current 18], but 



both uniqueness and gauge invariance are not guaranteed [35j. Actually there is a direct 
way to verify our statement that the instanton description gives the correct IR behavior of 
baryon form factors. One can do a large r expansion of the instanton equations and find the 
solutions order by order [5jJ. Substituting the leading order result to the holographic cur- 
rents gives exactly the correct form factor relations, which has been proved in the so-called 
hard-wall model 



38 



5jj, and recently for the Sakai-Sugimoto model 



Now let us turn to the issue of the instanton size. As discussed extensively in [26;, 
and [28], the SU(2) YM instanton in a curved space will generally collapse to zero size, in 
contrast to the situation in the flat space. This can be cured when a nontrivial CS term 
is included, which can be realized by enlarging the gauge group to U(2). In this case, the 
induced coupling between the Skyrmion and the isoscalar current provides a Coulomb-like 
repulsive force which prevents the Skyrmion to shrink. This is very similar to the early 
attempt to stabilize the Skyrmion by introducing the u meson 32|, |52|. The actual size 



will be determined by the competition of the curvature effect and the Coulomb force. This 
requires the minimization of the energy functional of the full YM-CS system. Some estimates 



of the instanton size were made in [26J, [27| and |28|]. In the Sakai-Sugimoto model, the YM 
action dominates the CS term by an order of the 't Hooft coupling A, and the instanton size 
is suppressed by 1/ a/A compared to the typical size of the model. A manifestation of the 



small instanton size is the large value for the mass splitting 



361 ] . However, when quantized 



as one of the collective coordinates, the size acquires large quantum collections, as large as 
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60% even for the nucleons 35j. In general backgrounds the instanton size is argued to be 
large, much larger than inverse of the cut off scale, which guarantees the calculability of 
the instanton configuration 28J. There are also arguments that the instanton size is not 



53]. 



physical and can be "gauged away", just as the bag radius in the bag model 

Since the full analytical instanton solution in the YM-CS system is still unaccessible right 
now, we will attempt to determine the instanton size from phenomenological considerations. 
We will focus on quantities which are sensitive to the massless sector only, so we can use the 
flat-space solution safely. It turns out that the axial coupling g& is a quite good candidate. 
However, some ambiguities should be clarified here. Since the instanton-generated Skyrmion 
actually does not satisfy the equation (12 ip exactly, the axial current induced from it will not 
be conserved in general. Thus the two methods used to calculate g& may not be equivalent 
any more. The direct calculation from the current expectation value involves the sub-leading 
terms in the Skyrmion solution, which may not be well approximated from the instanton 
profile. So we choose to estimate qa from the asymptotic behavior of the current. In doing 
so the Goldberger-Treiman relation will also be guaranteed. A direct calculation of the 
holonomy ( 1321) from the BPST instanton 22] gives 30, |53] 



F(r) = -7r(l + p 2 /r 2 )- 1 / 2 , 



(33) 



which differs from ( 13T1) by a constant shift of tt. This corresponds to a different choice of the 
boundary values from ( I24p and does not affect the results. Taking the large-r expansion, 
one obtains 

P = np 2 /2. (34) 
Combing this with ( 129]) gives the relation between the instanton size and the axial coupling 

9a = ^f 2 y- (35) 



This is exactly the result obtained by quantizing the full instanton solution in 35|, |36[ . From 
the experimental value gA = 1-27 4JJ and the parameters given in Tab. [H one fixes the size 

pW(e 2 / 2 ) = 5.72. (36) 

Equivalently, we have p ~ 0.7 fm, to be compared with the averaged size pn = 0.67 fm on the 
nucleon state from the quantization procedure 35j. It is almost three times larger than that 
obtained from minimizing the Skyrmion energy, where p 2 = 2.11, while a rough estimate 
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Quantity 




9A 


M N 


M A 


9ttNN 


* ' 1 — U 


(r 2 ) 1/2 

* ' Ivl ,i — U 


• f 


Mn 


9-kNA 


P-NA 


Skyrmion 


0.83 


0.31 


1.11 


2.23 


3.88 


0.31 


0.48 


0.58 


-0.41 


5.82 


0.70 


Instanton-1 


0.84 


0.47 


1.05 


1.89 


5.62 


0.32 


0.57 


0.87 


-0.36 


8.43 


0.87 


Instanton-2 


0.94 


input 


1.00 


1.23 


14.5 


0.52 


0.94 


2.32 


-1.96 


21.8 


3.0 


Experiment 




1.27 


0.939 


1.23 


13.5 


0.81 


0.84 


2.79 


-1.91 


20.3 


3.3 



TABLE 1 1: Predictions of baryon properties from the instanton approximation, in comparison with 



the experimental values 



41 



54, 



551 ] and the original Skyrmion results 9J, reexpressed with the 
same parameters. "Instanton-1" stands for Atiyah and Manton's small instanton configuration 
with p 2 = 2.11, while "Instanton-2" the large instanton configuration with p 2 = 5.72. Energy and 
masses are given in GeV, and the radii in fm. 



of the classical size as in [27] gives p 2 ~ 4.0. To confirm the above result, let us take a 
closer look at it by exploring its consequences in the Skyrme model. Following the standard 
procedure in |9| , the static properties of the nucleon and Delta can be obtained. One should 
keep in mind that in doing so we are actually attributing the same size to the nucleon and 
Delta. Fortunately the difference between them is of 0(1/N 2 ) [36 1. and can be neglected. 
We list the results for all these quantities in Tab. |TT]from the instanton approximation with 
these two values of p 2 , in comparison with the experimental values. We have also listed the 
results in the original Skyrme model reexpressed with the parameters shown in Tab. 
HI Note that the coupling g n NN is derived from the Goldberger-Treiman relation, and in 
calculating of g^NA and pna we have employed the model-independent large N c relations {9] 

3 



9-kNA 

flNA 



-9wNN 



(/ip P>n) ■ 



(37) 



From Tab. [TT] we see that, when reexpressed in the physical parameters, the original 
Skyrmion results deviate much from experimental values. The masses are too large, while 
all the other physical quantities are too small. The smallness of these predictions has been 
pointed out in the original paper, but the deviation is not so serious since the parameters 
there have been finely tuned. The results from the small instanton configuration show a 
very similar pattern. Amazingly, when the instanton size increases, all these quantities are 
pushed towards the experimental results: the masses are lowered, and all the other quantities 
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increase. The decreasing of the masses can be easily understood from the fact that when the 

n 

instanton grows, the spinning contribution is greatly suppressed [30]. For the specific value 



^2 



P 



2\l/2 



5.72, the predictions agree with the experimental values so well that, except for (r 2 )j 



all the other predictions deviate less than 17% from the experimental values. Actually, our 
results for the radii can be more compactly expressed as 



(38) 



While the prediction for the isoscalar magnetic radius is reasonably consistent with the ex- 
perimental value, the result for the isoscalar charge radius is somewhat small. This deviation 
also induces a large deviation for the isoscalar g factor, gi=o, since we have in the Skyrme 



model the relation 



9] 



g I=0 = -(r 2 ) I=0 M N (M A - M N ). 
y 



(39) 



Our prediction is gi=o = 0.73, while the experimental result is 1.76, instead. On the other 
hand, our prediction for the isovector g factor, gi = \ = 8.56, is in reasonable agreement with 
experimental value gi=\ = 9.41, confirming the observation that gi=\ is proportional to the 



square of the average instanton size [35 



The isoscalar charge radius depends much on the definition of the baryon current and 
shows how the baryon charge is distributed. In fact, it was found that modifying the currents 
by coupling the u meson to in the Skyrme model, the isoscalar radius is enlarged with 
a change 5(r 2 ) I=0 = 6/m 2 [32|, [52J. If adding this change naively to the result presented in 



521 it 



Table HT] one would get (r 2 ) 1 /^ = 0.81 fm, quite close to the empirical value. In ref. 
was pointed out that this significant change is due to the fact that the isoscalar photon only 
couples to the baryon charge indirectly through the u field. In other words, the baryonic 
current can only be correctly introduced through gauging the U(l)v symmetry. In the 



holographic framework, the baryonic charge density is given by 

1 
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36] 



32tt 2 



v\ r pa' 



(40) 



Although this gives the same baryon number as the baryon current (1201 18], the charge 
distribution is different. Substituting the BPST solution into this expression, one finds that 
the isoscalar charge radius is related to the instanton size as [35] 



2" 



(41) 
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With our estimate (136]) this gives (r 

2)V 2 Q = 0.86 fm, again close to the experimental result. 
However, in the flat-space approximation all the vector/axial fluctuations would be massless, 
as con be seen from Eq. (Q by setting A = 0. They also exhibit power behavior in the infrared 
and may even dominate over the pion. Indeed one finds that the so-derived currents exhibit 
different IR behavior from those in Eqs. ( 1271) . The divergence of the isoscalar magnetic radius 



manifestly reflects this fact [35] . The currents in ref. [36] suffer from the same problem 38], 



which exhibit exponential rather than power behavior in the IR. So far it is still not clear 



how to obtain the analytic results of the currents with t 



re correct IR behavior. As a first 



approximation, one may follow the procedure in Refs [32|, |52] to include the u meson first, 
and introduce the currents accordingly. We will systematically study the effect of the u 
meson from the holographic view in a forthcoming paper. 

V. DISCUSSION 

In this paper we illustrate how the holographic instanton description of baryons natu- 
rally implements the traditional Skyrmion picture, and correspondingly the correct infrared 
behavior of the baryon form factors. In our study, we didn't minimize the energy functional 
with respect to the instanton size. Instead, we determine it from the phenomenological 
analysis, and found that the instanton should possess a large size. This is in accordance 
with the instanton quantization procedure which indicates that the instanton size suffers 
from large quantum corrections. Therefore the present treatment could be considered as a 



3- 



The Skyrmion solution gen- 



classical approximation to collective coordinate motion 
erated from such an instanton configuration gives very good predictions for most of the 
static baryon quantities. Thus our approach could serve as a good toy model for various 
further applications. One could generalize the present calculation to the study of various 



dynamic quantities, as in [36] and [51] . One could also extend the present analysis to the 
case with nonzero quark mass, and further enlarge the flavor group to SU(3). The including 
of quark mass in such a framework has been extensively discussed in the literature, and has 



been recently discussed in [57]. An interesting idea towards this was given in [58], where a 
Skyrmion with massive pions was approximated by the holonomy of a Yang-Mills instanton 
along circles. This seems feasible since in this approximation the massless limit can be taken 
smoothly and reproduce the structure in the chiral limit. One can also improve the present 
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calculation by including the massive fluctuations, which means that we have to go beyond 
the flat-space approximation. We postpone all these for future studies. 
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